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NEW MODULI SPACES OF ONE DIMENSIONAL SHEAVES ON P3
DAPENG MU
ABSTRACT. In [ABMP], a one-dimensional family of “Euler” stability conditions on Pn
are conjectured to converge to Gieseker stability for coherent sheaves. Here, we focus
on P3, first identifying Euler stability conditions with double-tilt stability conditions,
and then we consider moduli of one-dimensional sheaves, proving some boundedness
results for walls and then explicitly computing walls and wall-crossings for sheaves sup-
ported on rational curves of degrees 3 and 4.
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1. INTRODUCTION
In [ABMP], a one-parameter family of Euler stability conditions on the derived cate-
gory of coherent sheaves on Pn was introduced, and it was conjectured that the mod-
uli of Euler-stable complexes for large t coincides with the moduli of Gieseker-stable
sheaves. Here, we look at the conjecture for objects inDb(P3) of class (0,0,ch2 > 0,ch3),
i.e. the class of a one-dimensional coherent sheaf.
We give a brief introduction to Bridgeland Stability Conditions in section 2. In section
3 we define the one-parameter family of Euler stability conditions σt = (At , Zt ) on any
projective space Pn .
OnP3, there is a construction of stability conditionsσα,β,s = (Aα,β, Zα,β,s) by the double-
tilting approach ([BMT13],[Mac14b]). We show that the Euler stability on P3 is an addi-
tional tilt of a slice of the family of double-tilt stability conditions. We denote this slice of
stability conditions by σBtt = (Bt , ZBtt =−χt + i ·χ′t ), in which χt (E) (E ∈Bt ) is the value
of the Hilbert polynomial P (k)=χ(P3,E(k)) at k = t , and χ′t is the derivative of χt .
Section 4 is evidence for the main conjecture: for any fixed class v ∈ Knum(P3) of a
one-dimensional sheaf on P3, there is a number tv ∈ R such that for all t > tv , σt -stable
objects in the heartAt are exactly Gieseker stable sheaves.
In section 4, we extend the stability condition σBtt to the "(t ,u)" upper half plane by
modifying the central charge to be Zt ,u =−χt + u22 χ′′t + i ·χ′t . The pair σt ,u = (Bt , Zt ,u) is
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2 DAPENG MU
a stability condition, analogous to the construction of tilt stability on surfaces. We start
by studying the asymptotic behavior of a fixed object E for u >> 0.
Theorem 1.1. For any fixed t , and any object E in Bt whose class is (0,0,ch2 > 0,ch3),
there exists a u0 > 0 such that for all u > u0, E is σt ,u-stable if and only if E is a Gieseker
stable sheaf.
Next, we consider the boundedness of the walls for any given class of a one-dimensional
sheaf v ∈Knum(P3). There are bounded and unbounded parts of potential walls. We find
that the bounded walls satisfy |t−2−ch3/ch2| ≤ ch2+2
√
2ch2. The unbounded walls re-
main somewhat of a mystery. We expect that unbounded potential walls are not actual
walls.
In section 5 we generalize the duality results in [Mai10] (for sheaves supported on
projective curves) and in [Mar17] (for any class of a one-dimensional sheaf in Db(P2))
to a duality result for one-dimensional classes in Db(P3). For a one dimension class
v ∈ Knum(P3) and an object E of this class, define its dual as E D := RHom(E ,ωP3 )[2].
The main result is the following:
Theorem 1.2. E ∈At is (semi)stable with phaseφ ∈ (0,1) if and only if E D [1] is (semi)stable
inA−t with phase 1−φ for all t ∈R.
In sections 6 and 7, we study the wall-crossings of the class of a twisted cubic to sup-
port our conjecture. There was work on the class of ideal sheaves of space (rational and
elliptic) curves in [Xia18] [Sch16] [GHS] [Sch15] and it was shown that the last moduli
space was the Hilbert scheme of curves. For the class of the structure sheaf of the twisted
cubic, the main result is the following:
Theorem 1.3. For the class v = (0,0,3,−5) ∈ Knum(P3), there are two walls in A1 defined
by the short exact sequences:
W1 : 0→OP3 → E →Q[1]→ 0
W2 : 0→OΛ→ E →F1 → 0
In the first sequence, the object Q[1] has dimension vector [0,2,3,0] with two generic
stable representatives: shifts IC [1] and F[1], where F is a coherent sheaf containing tor-
sion.
In the second exact sequence, Λ⊂ P3 is a hyperplane and F1 is a complex fitting in the
short exact sequence: 0→OΛ(−3)[1]→F1 →CP → 0 where P ∈Λ.
The moduli spaces in the three chambers are as follows:
(1) In the innermost chamber enclosed by W1 (t ∈ (0,0.35)), the moduli space is empty.
(2) In the chamber between W1 and W2 (t ∈ (0.35,0.72)), the moduli space consists of
two components: K(2,3), a smooth 12−dimensional Kronecker moduli space and
MF, a P
3 bundle over a closed 5−dimensional smooth flag variety H ⊂K(2,3).
(3) In the third chamber (t ∈ (0.72,1]), MF disappears, K(2,3) is blown up along H as
B := BlH (K(2,3)). There is another component P added in, glued to B along the
exceptional divisor of B. P is the relative Simpson scheme over P3∨, fibered by the
schemeM 3t+1
P2
on a plane in P3.
The moduli space defined by the outermost chamber is the same as the Gieseker
moduli of the class (0,0,3,−5) ([FT04]).
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Finally, in section 8, we give an example in which an actual wall contains an inter-
section point of two distinct numerical walls. Walls for smooth surfaces are nested
([Mac14a]), but they may intersect for a threefold. There are examples of intersecting
walls in the "(α,β)" double-tilt plane in [Sch16] and [JM19]. We give a new example
of this kind in the "(t ,u)" plane as follows. Let C ⊂ P3 be the rational quartic space
curve (supported on a quadric surface Q). The sequence 0 → OQ → OC → IC /Q [1] → 0
defines an actual wall in A1, and equivalently, it’s an actual wall at the right endpoint
in the (t ,u) plane. It’s a semicircle in the (t ,u) plane, but not an actual wall at the left
endpoint. Thus it breaks at some intermediate intersection point with another numer-
ical wall. We propose that the actual wall consists of two pieces which are the out-
ermost parts of the two numerical walls defined by: 0 → OP3 → OC → IC [1] → 0 and
0→OQ →OC → IC /Q [1]→ 0.
Remark 1.4. There is related recent work on walls and the asymptotic stability for three-
folds of Picard rank 1 in [JM19].
Acknowledgement: I would like to express my gratitude to my advisor Professor Dr.
Aaron Bertram, for his support, guidance, and patience during my time as his student
at the University of Utah. I would like to thank Professor Emanuele Macrì for his kind
suggestions, and my friend Ziwen Zhu for helpful conversations. I am also grateful to
the department of mathematics for their help and support.
2. BACKGROUND ON BRIDGELAND STABILITY CONDITIONS
2.1. Stability conditions. We recall some definitions of Bridgeland Stability Conditions
and the constructions on a smooth threefold X over C. We refer to these articles for
more details ([HRO96] for tilting theory, [Bri07], [Bri08], [MS17],[Huy14] for Bridgeland
stability conditions, [Mac14b],[BMT13],[BMS16] for the stability on a threefold) .
Definition 2.1. The heart of a bounded t-structure on Db(X ) is a full additive subcate-
goryA⊂Db(X ) such that
(a) For integers i > j and A,B ∈A, we have Hom(A[i ],B [ j ])= 0.
(b) For all E ∈Db(X ), there exists integers k1 > ...> km and objects Ei ∈Db(X ), Ai ∈
A for i = 1,2, ...,m and a diagram consisting of distinguished triangles:
0= E0 E1 E2 ... Em−1 Em = E
A1[k1] A2[k2] Am−1[km−1] Am[km]
The heart of a bounded t-structure is in fact an abelian category. The proof can be
found in [BBD82] and [MS17].
Let A be an abelian category, and K0(A), Knum(A) be its K-group and numerical K-
group respectively.
Definition 2.2. A linear function Z : K0(A)→ C is called a central charge (or a stability
function) if for every E ∈A, Im(Z (E))≥ 0, and if Im(Z (E))= 0 thenRe(Z (E))< 0.
With the central charge, we have the definition of (semi-)stable objects as follows:
Definition 2.3. Let Z : K0(A) → C be a central charge. Define the slope to be µ :=
−Re/Im. A non-zero object E ∈A is called (semi-)stable if for all non-trivial subobject
F ⊂ E we have µ(F )(≤)<µ(E).
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We fix a finite rank lattice Λ with a fixed norm || · || on the lattice. Let v be a surjective
linear map: v : K0(A)→Λ. We require that the function Z factors through a finite rank
lattice for a Bridgeland stability condition, i.e. Z : K0(A)
v→Λ→C. The lattice is usually
chosen as the numerical classes, i.e. Λ= (H nch0, H n−1ch1, ..., H n−l chl )⊂Knum(X ). The
pair σ = (A, Z ) is usually called a pre-stability condition. It will be a stability condition
if it satisfies the support property.
Definition 2.4. A Bridgeland Stability Condition on X is a pair σ = (A, Z ) consisting of
a heart of a bounded t-structure A ⊂Db(X ), a central charge Z : Λ→ C, and two more
properties as follows,
(a) Every object E ∈A satisfies the Harder-Harasimhan property:
E has a finite filtration 0= E0 ⊂ E1,⊂ ...,⊂ En = E , inA such that the quotients
Fi := Ei /Ei−1 are semi-stable and their slopes are strictly decreasing: µ(v(F1))>
µ(v(F2))> ...>µ(v(Fn)).
(b) σ satisfies the support property:
For a fixed norm || · || on Λ, there exists a C > 0 such that for all semi-stable
object E ∈A, ||v(E)|| ≤C |Z (E)| holds.
The support property has an equivalent definition using a bilinear form Q on the lat-
tice ([BMS16], [PT19]):
Definition 2.5. A pre-stability conditionσ= (A, Z ) satisfies the support propery if there
is a bilinear form Q on Λ⊗R such that
(a) All σ- semistable objects E ∈A satisfy the inequality Q(v(E), v(E))≥ 0.
(b) All non-zero vectors v ∈Λ⊗Rwith Z (v)= 0 satisfy Q(v, v)< 0.
The Bridgeland stability condition can be equivalently defined on a triangulated cat-
egory as well ([Bri07], [MS17]).
Definition 2.6. A slicing P of Db(X ) is a collection of subcategories P(φ) ⊂ Db(X ) for
every φ ∈R, such that
(a) P(φ)[1]=P(φ+1),
(b) For A ∈P(φ1), and B ∈P(φ2), if φ1 >φ2 then Hom(A,B)= 0.
(c) For any E ∈Db(X ), there are real numbers φ1 > ...>φm and distinguished trian-
gles in Db(X )
0= E0 E1 E2 ... Em−1 Em = E
A1 A2 Am−1 Am
such that Ai ∈P(φi ).
The last property is the Harder-Narasimhan filtration of E in Db(X ).
Definition 2.7. A Bridgeland Stability condition on Db(X ) is a pair σ = (P, Z ) where
P is a slicing, Z : Λ→ C is a linear map (the central charge), satisfying the following
properties:
(1) For any non-zero E ∈P(φ), we have
Z (v(E)) ∈R>0 ·e
p−1piφ
NEW MODULI SPACES OF ONE DIMENSIONAL SHEAVES ON P3 5
(2) (support property) There exists a constant C > 0, such that ||v(E)|| ≤C |Z (E)| for
any 0 6= E ∈P(φ),φ ∈R.
Define a category from the slicing as A := P((0,1]) which is the extension closure of
those slices
{
P(φ) :φ ∈ (0,1]}. The category A is then a heart of a bounded t-structure.
The stability condition defined by the pair (P, Z ) is equivalent to giving a stability con-
dition: (A, Z ) ([Bri07] Prop 5.3).
2.2. Construction of stability conditions on P3 by the tilting approach. In this sub-
section, we will recall a construction of stability conditions on P3. The construction is a
general approach and it works (may need some modifications) for other kinds of three-
folds X as well (smooth quadrics [Sch14], abelian threefolds [MP15], [MP16], [BMS16],
Fano threefolds [Li19b],[BMSZ17], Some Calabi-Yau threefolds [BMS16], [Li19a]). There
are properties satisfied by a more general threefold than just theP3, so we will use X and
P3 interchangeably if there is no confusion.
The stability conditions on a smooth curves C is essentially the Mumford stability
([Bri07] [Mac07a]), and the stability condition can be written as the pairσ= (Coh(C ), Z =
−deg+i ·r k). However, in higher dimensions (dim≥ 2), the category of coherent sheaves
can no longer be used as the heart to define stability conditions. A proof can be found
in [Tod09] (Lemma 2.7).
A conjectural approach for the construction was introduced in [BMT13] where the
stability condition was defined by a pair σ = (A, Z ). The heart A was obtained from
tiltings of Coh(X ), and the central charge was defined as Z := −
∫
X
e−iω · chB (E). We
recall some facts that it works for P3.
Definition 2.8. Define the twisted Chern characters as chB := ch ·e−B .
By expanding ch ·e−B , we have the first few twisted Chern characters as:
chB0 =ch0
chB1 =ch1−B · ch0
chB2 =ch2−B · ch1+
B 2
2
ch0
chB3 =ch3−B · ch2+
B 2
2
ch1− B
3
6
ch0
Let H be the ample class OP3 (1) on P
3. In this paper, the class B will be a multiple of
H as B =βH ,(β ∈R), and chβH will be denoted as chβ for short.
Define the slope function on Coh(P3) as
µβ =
chβ1
ch0
= ch1
ch0
−β
The slope function will then define a torsion pair:
Tβ := {E ∈Coh(P3) :∀E Q 6= 0,µβ(Q)> 0}
Fβ := {E ∈Coh(P3) :∀0 6= F ,→ E ,µβ(F )≤ 0}
A new heart of a bounded t-structure is defined as the extension closure Cohβ(P3) :=
〈Fβ[1],Tβ〉. With the lattice Γ := (H 3ch0, H 2ch1, Hch2), and any α > 0, define a linear
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function Zα,β : Γ→Cwhere Zα,β :=−Hchβ2+
α2
2
H 3ch0+i ·H 2chβ1 . The pair (Cohβ(P3), Zα,β)
is a weak stability on P3 since Zα,β maps a skyscraper sheaf to 0. This is usually called
the tilt stability which was first introduced in [BMT13].
Let να,β :=
Hchβ2 − α
2
2 H
3ch0
H 2chβ1
be the slope defined by Zα,β. We have a Bogomolov in-
equality for tilt stable objects:
Theorem 2.9. ([BMT13], Cor 7.3.2). For any να,β semistable objects E ∈ Cohβ(X ), we
have
∆(E) := (H 2chβ1 )2−2H 3ch
β
0 ·Hch
β
2 (E)≥ 0
For smooth surfaces, a single tilt would be sufficient to define stability conditions (
[Bri08], [AB13], [BM11]). However, it is not enough for a threefold, and we need to make
another tilt.
Define a torsion pair on Cohβ(P3) as:
Tα,β := {E ∈Cohβ(P3) :∀E Q 6= 0,να,β(Q)> 0}
Fα,β := {E ∈Cohβ(P3) :∀0 6= F ,→ E ,να,β(F )≤ 0}
Similarly, we define the new heart of a bounded t-structure asAα,β(P3) := 〈Fα,β[1],Tα,β〉.
The central charge that works for the heartAα,β(P3) and the bilinear form Q defining
the support property were defined as follows: ([BMT13],[Mac14b], [Sch16])
Zα,β,γ :=−chβ3 + (s+
1
6
)α2H 2chβ1 + i · (Hch
β
2 −
α2
2
H 3chβ0 )
Qα,β,K (E)= (C 2−2RD)(Kα2+β2)+ (6RE −2C D)β−6C E +4D2
where E ∈Aα,β, R = ch0(E), C = ch1(E), D = ch2(E), E = ch3(E) and some K ∈ (1,6s+1).
Theorem 2.10. ([BMT13],[Mac14b]). (Aα,β((P3)), Zα,β,K ) is a Bridgeland Stability Con-
dition on P3 for all β ∈ R, and α, s > 0. The support property is satisfied with respect to
Qα,β,K .
Furthermore, we have a continuity result for threefolds from [BMS16], and the result
for surfaces was given in [Bri08], [AB13], [BM11].
Theorem 2.11. ([BMS16] Prop 8.10) The function R>0×R×R>0 → St ab(X , v) defined by
(α,β, s) 7→ (Aα,β(X ), Zα,β,s) is continuous.
3. THE EULER STABILITY
We start with defining the Euler stability on Pn based on [ABMP] in section 3.1. See
[ABMP] for further details on Euler stability. And then in section 3.2, we focus on the
three dimensional case and show that the Euler stability on P3 can also be defined by
the tilting approach.
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3.1. The Euler stability condition on Pn . We start with defining the category.
Definition 3.1. DefineAm := 〈OPn (−m−n)[n],OPn (−m−n+1)[n−1], ...,OPn (−m)〉, which
is the extension closure of a strong exceptional collection on Pn .
A general element E ∈Am is a complex:
E = [Oa−n
Pn
(−m−n)→Oa−n+1
Pn
(−m−n+1)→ ...→Oa0
Pn
(−m)]
where ai ∈ Z≥0 and the (n+1)-tuple di m(E) := [a−n , ..., a0] is called the dimension
vector of E inAm .
Next, we define the central charge as Zt := χ′t + i ·χt , where χt is the twisted Euler
characteristic. More precisely,
χt (E)=
∫
Pn
ch(E) · ch(OPn (t )) ·T d(Pn)
Proposition 3.2. The pair σt := (Am , Zt = χ′t + i ·χt ) defines a pre-stability condition for
all m ∈Z, t ∈ (m−1,m].
Proof. We need to show that for any E ∈Am , Zt (E) is in the upper half plane H := {e ipiφ :
φ ∈ (0,1]} when t ∈ (m − 1,m]. It is equivalent to the statement that χt (E) ≥ 0, and if
χt (E) = 0 then we must have χ′t (E) < 0. It’s sufficient to check on those simple objects{
OPn (−m−n)[n], ...,OPn (−m)
}
since they are the generators.
From a straightforward computation, χt (OPn (−m))= (t +n−m)(t +n−m−1) · · · (t +
1−m)/n!, which is a polynomial, and all the roots are t =m−1,m−2, ...,m−n. The sign
of this polynomial is given as:
(1) χt (OPn (−m))> 0 for
t ∈ (m−n,m−n+1), ..., (m−3,m−2), (m−1,∞) if n = even
t ∈ (m−n+1,m−n+2), ..., (m−3,m−2), (m−1,∞) if n = odd
(2) χt (OPn (−m))< 0 for
t ∈ (m−n+1,m−n+2), ..., (m−4,m−3), (m−2,m−1) if n = even
t ∈ (m−n,m−n+1), ..., (m−4,m−3), (m−2,m−1) if n = odd
• ForOPn (−m), we have χt (OPn (−m))> 0 when t ∈ (m−1,m].
• ForOPn (−m−1)[1],
χt (OPn (−m − 1)[1] = −χt (OPn (−m − 1)) = −χt−1(OPn (−m)) > 0 when t − 1 ∈
(m−2,m−1) which is t ∈ (m−1,m). χt (OPn (−m−1)[1]= 0 when t =m, and in
this case we have χ′m(OPn (−m−1)[1])=−χ′m(OPn (−m−1))< 0 from the graph of
χt (OPn (−m)).
• We use induction for the rest of the simple objects. It can be directly checked
that χt (OPn (−m− i )[i ])> 0 when t ∈ (m−1,m), and χt (OPn (−m− i )[i ])= 0 when
t = m. At t = m, the sign of χ′m(OPn (−m − i )) is alternating with respect to i .
The extra shifts by [i ] will change the sign of χt (OPn (−m − i )) by (−1)i , so the
signs of χ′m(OPn (−m− i ))[i ] are the same for all i = 0,1, ...,n. We just showed that
χ′m(OPn (−m)) < 0 and χ′m(OPn (−m − 1))[1] < 0. So the induction implies that
χ′m(OPn (−m− i ))[i ]< 0 for all i = 0,1, ...,n which proves our claim.

The above proof indicates that the stability conditions can be extended to a continu-
ous family.
Definition 3.3. Define At :=Adte (t ∈ R), where "dte" means to round up to the closest
integer which is no smaller than t .
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Corollary 3.4. The pair σt = (At , Zt = χ′t + i ·χt ) defines a family of pre-stability condi-
tions on Pn for t ∈R.
Next, we show that σt = (At , Zt = χ′t + i ·χt ) satisfies the support property, and then
the pair will define a stability condition. We will show in the next proposition the sup-
port property in the bounded region t ∈ (0,1], and the proof for all the other intervals is
analogous.
Proposition 3.5. The pre-stability conditionσt = (At , Zt =χ′t+i ·χt ) satisfies the support
property for t ∈ (0,1].
Proof. By definition, we need to find numbers Ct > 0, such that |Zt (E)|||v(E)|| > Ct for any
t ∈ (0,1]. The category is thenA1 which is generated by the objects:
u1 :=OP3 (−4)[3],u2 :=OP3 (−3)[2],u3 :=OP3 (−2)[1],u4 :=OP3 (−1)
Observe that for any t ∈ (0,1], the linear span U := {u = a1u1+a2u2+a3u3+a4u4|ai ≥
0} is not the entire upper half plane, for instance, Figure 1 shows the case when t = 0.9.
So we can find a line Γt (the dotted line in the figure) such that all the objects in U have
a non zero projection to Γt . For any object u =
4∑
i=1
ai ui (ai ≥ 0), denote its projection to
Γt by pt (u), and let at :=mi n{|Zt (pt (ui ))| : i = 1,2,3,4}, bt :=max{||(ui )|| : i = 1,2,3,4}.
|Zt (u)|
||v(u)|| =
|Zt (∑4i=1 ai ui )|
||∑4i=1 ai ui || >
|∑4i=1 ai pt (ui )|∑4
i=1 ai ||ui ||
≥ (
∑4
i=1 a1)at
(
∑4
i=1 a1)bt
= at
bt
=: Ct > 0
FIGURE 1.
−4 −2 2 4
−4
−2
2
4
u1
u2
u3
u4
Γt
u
pt (u)

3.2. The Euler Stability Condition onP3 from tiltings. In this subsection, we will show
that the Euler stability is indeed related to the stability σα,β,s = (Aα,β, Zα,β,s) in the way
thatAt is another tilt ofAα,β.
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(1) The first tilt.
The first tilt is made with respect to the first Todd class of P3 (td1(P3) = 2H).
We start from the category Coh(P3), and define the twisted Mumford slope as
µt :=
χ′′t
χ′′′t
= ch
−t−2
1
ch0
= ch1+ (t +2)ch0
ch0
This defines a torsion pair of Coh(P3):
T := {E ∈Coh(P3) :∀E Q,µt (Q)> 0}
F := {E ∈Coh(P3) :∀F ,→ E ,µt (F )≤ 0}
and the pair defines a category Coh−t−2(P3) := 〈F[1],T〉.
(2) The second tilt.
We define the weak stability function Zt :=−χ′t + i ·χ′′t on Coh−t−2(P3) and its
slope is given by:
νt :=
χ′t
χ′′t
= ch
−t−2
2 − 16 ch0
ch−t−21
This gives a torsion pair of the category Coh−t−2(P3) as
Tβ :=
{
E ∈Coh−t−2(P3) :∀E Q,νt (Q)> 0
}
Fβ :=
{
E ∈Coh−t−2(P3) :∀F ,→ E ,νt (F )≤ 0
}
The pair defines a new category Bt := 〈Fβ[1],Tβ〉. The central charge for this
category is defined as
Zt =−χt + i ·χ′t =−ch−t−23 +
1
6
ch−t−21 + i · (ch−t−22 −
1
6
ch−t−20 )
Comparing Zt with Zα,β,s , we have α = 1p3 , β = −t −2, and s =
1
3 . So the pair
(Bt , Zt ) is a stability condition and the support property is satisfied with respect
to the quadratic form:
Qt (E)= (C 2−2RD)(1
3
+ (t +2)2)+ (6RE −2C D)(−t −2)−6C E +4D2
where R = ch0(E), C = ch1(E), D = ch2(E), E = ch3(E).
(3) The third tilt.
We now make another tilt of the category Bt . The slope is defined as λt =
χt /χ′t by the central charge and it defines a torsion pair:
T′ := {E ∈Bt :∀E Q,λt (Q)> 0}, F′ := {E ∈Bt :∀F ,→ E ,λt (F )≤ 0}
Denote the new category generated by the pair asA′t := 〈F′[1],T′〉, and let Zt =
χ′t + i ·χt .
Next, we show that the category A′t is indeed equal to the category At generated by
the strong exceptional collection.
Proposition 3.6. The categoryA′t is the extension closure of these objects:{
OP3 (−n−3)[3],OP3 (−n−2)[2],OP3 (−n−1)[1],OP3 (−n)
}
where n := dte.
Proof. A′ is a heart of a bounded t-structure since it is obtained from tiltings ([HRO96]).
The categoryAt which is generated by the objects
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{
OP3 (−n−3)[3],OP3 (−n−2)[2],OP3 (−n−1)[1],OP3 (−n)
}
is also a heart of a bounded t-structure from [Mac07b] (Lemma 3.14). Moreover, by
[MS17] Prop 5.6 that two hearts must coincide if one is contained in another, it is suffi-
cient to prove that those objects
{
OP3 (−n−3)[3],OP3 (−n−2)[2],OP3 (−n−1)[1],OP3 (−n)
}
generatingAt are inA′t .
We will prove that the objects
{
OP3 (−3)[3],OP3 (−2)[2],OP3 (−1)[1],OP3
}
are in the cat-
egory A′t where t ∈ (−1,0], and the proof for a general t ∈ R will be just analogous. We
will keep track of those line bundles OP3 ,OP3 (−1),OP3 (−2),OP3 (−3) from Coh(P3) while
we make the series of tiltings.
The line bundles OP3 (m) are Mumford stable for any m ∈Z , so we have that they are
also twisted Mumford stable. The fact that µt (OP3 ) > 0 µt (OP3 (−1)) > 0 µt (OP3 (−2)) < 0
µt (OP3 (−3)) < 0 implies that the category Coh−t−2(P3), where t ∈ (−1,0], contains ob-
jectsOP3 ,OP3 (−1),OP3 (−2)[1],OP3 (−3)[1].
Then we use the slope function νt = ch
−t−2
2 −1/6ch0
ch−t−21
for the second tilt. It was proved in
[Mac14b] and [Sch16] that line bundles and their twistsOP3 (m),OP3 (m)[1] are tilt stable.
A straightforward computation shows that Bt (a tilt of Coh−t−2(P3)), where t ∈ (−1,0],
contains the following objects:
OP3 ,
{
OP3 (−1) t ∈ (−1+1/
p
3,0]
OP3 (−1)[1] t ∈ (−1,−1+1/
p
3]
,
{
OP3 (−2)[1] t ∈ (−1/
p
3,0]
OP3 (−2)[2] t ∈ (−1,−1/
p
3]
, OP3 (−3)[2]
For the last tilt, we have the fact that line bundles and their shifts are stable, i.e.
OP3 (m), OP3 (m)[1], OP3 (m)[2] are stable in the double tilt Bt or A
α,β (from [Mac14b]).
Using the slope function λt = χt
χ′t
= ch
−t−2
3 −1/6ch−t−21
ch−t−22 −1/6ch0
, the claim follows from a di-
rect computation of those λt (OP3 (−i )[ j ])’s from the last step. So as desired, the objects
OP3 ,OP3 (−1)[1],OP3 (−2)[2],OP3 (−3)[3] are in the categoryA′t . 
4. THE GIESEKER CHAMBER FOR EULER STABILTY
In this section, we work with the class v = (0,0,m = ch2 > 0,ch3), and show part of the
result that there exists a Gieseker chamber for the Euler stability conditionσt = (At , Zt =
χ′t + i ·χt ) on P3. It is expected that the Gieseker chamber shows up for t >> 0, and for
t << 0 stable objects are shifted Gieseker stable sheaves F [1] from the duality results.
We modify the stability condition onBt asσt ,u = (Bt , Zt ,u =−χt+ u22 χ′′t +i ·χ′t ) and work
mostly in the (t ,u) plane. σt ,u is indeed a stability condition from [BMT13],[Mac14b].
We start with describing the numerical walls, and then we study the asymptotic behav-
ior of a fixed object for u >> 0. Finally, we work on the global walls for the class v . We
also use the Euler characteristic χ= 2ch2+ch3 (from Riemann-Roch) of the class v if it’s
more convenient.
4.1. Descriptions of numerical walls. Let E ∈Bt be an object whose class is v , and its
Hilbert polynomial is mt +χ. Suppose a potential wall is defined by the short exact
sequence 0→ A→ E →B → 0 inBt , then a direct computation shows that its numerical
wall falls into one of the following three possibilities in the (t ,u) plane:
Type 1 Shown as the red walls in Figure 2. There is a "vertical" part whose asymptote is
defined by t =− ch1(A)ch0(A) −2, and a bounded elliptic part. The green point in Figure
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2 is defined as C := (− χm ,0). It is the center of the "elliptic part", which means
that all the "elliptic part" of the walls of Type 1 form a nested family with the
center C . When the "elliptic part" is getting larger, it is growing faster to the left
than to the right.
Type 2 Shown as the blue wall in Figure 2. This is when ch0(A)= 0 and ch1(A) 6= 0. The
wall is a semi-circle with the center C (same C as in Type 1). All the semi-circles
form a nested family with the center C .
Type 3 The mirror image of Type 1, as shown in Figure 3. The asymptote of the vertical
part is defined by t =− ch1(A)ch0(A)−2 as well. We have the same center C of the nested
"elliptic part" of walls of Type 3. In this case, the "elliptic part" is growing faster
to the right than to the left.
FIGURE 2. FIGURE 3.
FIGURE 4. Numerical Walls
For Type 1 and 3, the "elliptic part" might not exist, but the vertical part always shows
up.
4.2. Asymptotic results for sheaves and complexes. We first show that for u >> 0, a
sheaf E with class v is Gieseker stable if and only if it is σt ,u stable.
Lemma 4.1. For a fixed t ∈ Q and a Gieseker stable sheaf E ∈Bt whose class is v, there
exist B1 ∈ R and B2 ∈ R+ such that for all A ,→ E ∈Bt , we have χt (A)
χ′t (A)
≤ B1, and
χ′′t (A)
χ′t (A)
≥
B2 > 0 or χ′′t (A)= 0.
Proof. Assume t = a/b where a ∈Z, and b ∈Z+.
Let B ∈Bt be the quotient of A ,→ E , i.e. 0→ A→ E →B → 0. The corresponding long
exact sequence in Coh−t−2(P3) is
0→H−1β (B)→ A→ E →H0β(B)→ 0
whereH−1
β
andH0
β
denotes the cohomologies in Coh−t−2(P3).
This implies that A ∈Coh−t−2 ⊂Bt . So we haveχ′′t (A)≥ 0, andχ′t (A)≥ 0 (because they
are the imaginary parts of the central charges on Coh−t−2 and Bt ). Moreover, we have
χ′t (B)≥ 0 andχ′t (A)+χ′t (B)=χ′t (E)=m. Soχ′t (A) ∈ [0,m], and ifχ′t (A)= 0 thenχ′′t (A)= 0
otherwise the tilt slope ν(A)= χ
′
t (A)
χ′′t (A)
= 0 will make A shifted inBt (i.e. A[1] ∈Bt ). In this
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case, A is a sheaf supported on points and this violates the fact that E is Gieseker stable.
So χ′t (A)> 0.
(1) Lower bound for
χ′′t (A)
χ′t (A)
.
χ′′t (A)
χ′t (A)
= ch1+ (t +2)ch0
χ′t (A)
≥ ch1+ (t +2)ch0
m
≥ 1/b
m
= 1
bm
or
χ′′t (A)
χ′t (A)
= 0. We
choose B2 = 1
bm
. The last inequality is because ch0,ch1 ∈ Z, and ch1 + (t +
2)ch0 > 0.
(2) Upper bound for λt (A)= χt (A)
χ′t (A)
.
From the fact that ch0,ch1 ∈ Z, ch2 ∈ 12Z, and χ′t (A) > 0, we have χ′t (A) =
ch2(A)+ (t +2)ch1(A)+ (t +2)
2
2
ch0(A)− 1
6
ch0(A)≥ 1
6b
> 0.
So we just need an upper bound for χt (A). Consider the Harder-Narasimhan
filtration of A ∈Bt with respect to the central charge Zt =−χt + i ·χ′t :
0= A0 ⊂ A1 ⊂ ...⊂ Ai ⊂ Ai+1 ⊂ ...⊂ A
Let i ∈ Z be the number such that the semistable factor Ai
Ai−1
is the last one
whose slope is positive, i.e. λt (
Ai
Ai−1
)> 0, and λt ( Ai+1
Ai
)≤ 0. If there is no such i ,
then χ′t (E)≤ 0. We define B1 to be 0.
Similarly for the Harder-Narasimhan filtration for E ∈Bt :
0= E0 ⊂ E1 ⊂ ...⊂ E j ⊂ E j+1 ⊂ ...⊂ E
let j be the index which makes it the last one to have a positive slope, i.e.
λt (
E j
E j−1
)> 0 and λt (
E j+1
E j
)≤ 0.
In the short exact sequence 0 → Ai → A → AAi → 0 we have χt (Ai ) > 0 and
χt (
A
Ai
)≤ 0 from how we chose i . This implies χt (A)≤ χt (Ai ), and it is sufficient
to find an upper bound for χt (Ai ).
Consider 0→ Ai f−→ E and the diagram
E j
0 Ai E
E/E j
φ
f1
f
φ is a zero map because Ai is extended by semistable objects with λt > 0 and
E/E j is extended by objects with λt ≤ 0. So the morphism f lifts to a morphism
f1 from Ai to E j where they are both extended by semistable objects in Bt with
positive slope λt .
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Now we make another tilt fromBt toAt and the morphism 0→ Ai → E j stays
the same in At because they are both generated by objects with positive slope
λt . For a fixed E and t , the subobject E j and its dimension vector are fixed inAt .
There are only finitely many choices of subobjects of E j in At , and this implies
that χt (Ai ) is bounded from above for all A ,→ E inBt . So there exists B1 ∈R such
that
χt (A)
χ′t (A)
≥B1.

Remark 4.2. The above proof works for all sheaves F ∈Coh(P3) by replacing χ′t (E)=m
with χ′t (F) as a fixed number.
Proposition 4.3. If E ∈Bt is a sheaf whose class is v, then E is Gieseker (semi)stable if and
only if E is σt ,u− (semi)stable for all sufficiently large u (The bound of u can be chosen as
2
B2
(B1− t − χm )).
Proof. Let λt ,u :=
χt − u22 χ′′t
χ′t
be the Bridgeland slope. The "if" part follows from the fact
that λt ,u(E) = mt+χm = t +χ/m if E has class v , and the Bridgeland slope is equal to the
Mumford slope.
For the "only if" part, suppose the claim is not true, then for any fixed u0 >> 0 we can
always find an Au0 , such that λt ,u0 (Au0 )≥ (>)λt ,u0 (E). More explicitly, we have
λt ,u0 (Au0 )=
χt (Au0 )−
u20
2 χ
′′
t (Au0 )
χ′t (Au0 )
≥ (>)χt (E)
χ′t (E)
= mt +χ
m
= t + χ
m
If χ′′t (Au0 ) 6= 0, then χ′′t (Au0 ) > 0 because Au0 ∈ Coh−t−2(P3). The expression of λt ,u
shows that lim
u→∞λt ,u(A) = −∞ (for χ
′′
t (A) 6= 0). Using the boundedness results from
Lemma 4.1, we actually have a universal bound and we have the following claim:
There exists an u′ ∈ R such that for all u > u′ and A ,→ E ∈ Bt , we have λt ,u(A) <
λt ,u(E). This violates the assumption that A destabilize E . So it implies that if E is not
Euler stable for all large u (u > u′), then we must have ch−t−21 (A) = χ′′t (A) = 0 for any
destabilizing object A ,→ E ∈Bt .
We then go back to the short exact sequence 0→ A → E → B → 0 in Bt with its long
exact sequence in Coh−t−2:
Q
0 H−1
β
(B) A E H0
β
(B) 0
where the morphism A → E factors through Q ∈Coh−t−2. From the fact that χ′′t (A)=
ch−t−21 (A)= χ′′t (E)= ch−t−21 (E)= 0, and all the objects in the diagram has ch−t−21 = χ′′t ≥
0 (because they are in Coh−t−2(P3)), we have χ′′t (H
−1
β
(B))=χ′′t (Q)=χ′′t (H0β(B))= 0.
This implies that ν(H−1β (B)) =
χ′t (H
−1
β
(B))
χ′′t (H
−1
β
(B))= 0 = ∞ which contradicts with the fact
that it is shifted from Coh−t−2(P3) to Bt . So H−1β (B) = 0, and the short exact sequence
0→ A→ E →B → 0 is indeed in Coh−t−2(P3)⊂Bt .
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Similarly, consider its long exact sequence of cohomologies in Coh(P3) as:
0→H−1(B)→ A→ E →H0(B)→ 0
From the fact that ch0(A)= ch0(E)= 0 and ch−t−21 (A)= ch−t−21 (E)= 0, we have
ch0(H−1(B))= ch0(H0(B)), and ch−t−21 (H−1(B))= ch−t−21 (H0(B)). In particular,
ch−t−21 (H
−1(B))
ch0(H−1(B))
= ch
−t−2
1 (H
0(B))
ch0(H0(B))
, which is a contradiction unless one ofH−1(B) and
H0(B) is zero and the nonzero object has its twisted Mumford slope ∞. So H−1(B) = 0
andH0(B) 6= 0 with ch
−t−2
1 (H
0(B))
ch0(H0(B))
=∞.
This shows that B is actually a sheaf, and the short exact sequence 0→ A→ E →B → 0
is indeed in Coh(P3). Now A is a subsheaf of E and they are both one-dimensional.
We have that the slope λt ,u for the class v coincides with the Mumford slope, so the
assumption λt ,u(A) ≥ (>)λt ,u(E) is equivalent to E being Mumford (Gieseker) unstable
which is a contradiction. 
Next, we show that a σt ,u− stable object for all u >> 0 must be a sheaf.
Lemma 4.4. If E ∈Cohβ ⊂Bt whose class is v, then E is a sheaf.
Proof. In Cohβ we have the short exact sequence:
0→H−1(E)[1]→ E →H0(E)→ 0
Denote (Tt ,Ft ) to be the torsion pair on Coh(P3) defined by µt .
Since ch0(E) = ch1(E), we have that ch0(H−1(E)) = ch0(H0(E)) and ch1(H−1(E)) =
ch0(H0(E)). This implies thatµt (H−1(E))=µt (H−1(E)), but it contradicts withH−1(E) ∈
F and H0(E) ∈ T. So one of H−1(E) and H0(E) is zero, and then the twisted Mumford
slope µt of the non zero object will be infinity (because it’s
0
0 ). This shows thatH
−1(E)=
0, and E ∼=H0(E) which is a sheaf. 
Proposition 4.5. For an object E ∈Bt with the class v, if E is σt ,u stable for all u >> 0,
then E must be a sheaf.
Proof. E fits into the short exact sequence inBt :
0→H−1β (E)[1]→ E →H0β(E)→ 0
It is sufficient to show thatH−1
β
(E)= 0, and then the claim would follow from Lemma
4.4.
SupposeH−1
β
(E) 6= 0, then ν(H−1β (E))=
χ′t (H
−1
β
(E))
χ′′t (H
−1
β
(E))
≤ 0 and χ′′t (H−1β (E))> 0.
Consider the σt ,u slope ofH−1β (B)[1]:
λt ,u(H
−1
β (E)[1])=
χt (H−1β (E)[1])− u
2
2 χ
′′
t (H
−1
β
(E)[1])
χ′t (H
−1
β
(E)[1])
lim
u→∞λt ,u(H
−1
β (E)[1]) =∞ so E is not stable for u >> 0 unless χ′′t (H−1β (E)[1]) = 0. But
this implies νt (H
−1
β (E)) =
χ′t (H
−1
β
(E))
χ′′t (H
−1
β
(E))= 0 =∞ and H
−1
β
(E) ∈ Bt which is a contradic-
tion. SoH−1
β
(E)= 0 and this proves the claim. 
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Lemma 4.6. For a complex E ∈ Bt whose class is v, there exists an uE such that for all
u > uE , E is not σt ,u stable.
Proof. Consider the short exact sequence inBt as
0→H−1β (E)[1]→ E →H0β(E)→ 0
we must haveH−1
β
(E) 6= 0 andH−1
β
(E) 6= 0 otherwise Lemma 4.4 will tell us E is a sheaf.
H−1
β
(E) ∈ Coh−t−2(P3) implies χ′′t (H−1β (E)) > 0. The claim follows from the observa-
tion that
λt ,u(H
−1
β (E)[1])=
χt (H−1β (E)[1])− u
2
2 χ
′′
t (H
−1
β
(E)[1])
χ′t (H
−1
β
(E)[1])
>λt ,u(E)= mt +χ
m
for u >> 0 and we can even find the critical point uE when we have the equal sign,
uE :=
(t + χm )χ′t (H−1β (E)[1])−χt (H−1β (E)[1])
−χ′′t (H−1β (E)[1])

We are now ready to state the main theorem in this subsection.
Theorem 4.7. For any object E ∈Bt whose class is v, there exists u0 > 0 such that for all
u > u0, E is σt ,u− stable if and only if E is a Gieseker stable sheaf.
Proof. It follows from Prop 4.3, 4.5, and Lemma 4.6. 
Finally, we show a bound of t for a complex E ∈Bt to exist in the category.
Lemma 4.8. If E ∈Bt0 is a complex, then E can only exist in Bt for t ∈ [a, a+m] where
a ∈Z, and t0 ∈ [a, a+m].
Proof. E fits into the short exact sequence inBt as
0→H−1β (E)[1]→ E →H0β(E)→ 0
whereH−1
β
(E) andH0
β
(E) are its cohomologies in Coh−t−2(P3).
Assume ch0(H0β(E)) = R, ch1(H0β(E)) = C and ch2(H0β(E)) = D then it follows that
ch0(H−1β (E))=R, ch1(H−1β (E))=C and ch2(H−1β (E))=D−m.
From the definition of Coh−t−2(P3), we have the numerical results that:{
χ′t (H
0
β
(E))≥ 0 χ′′t (H0β(E))≥ 0
χ′t (H
−1
β
(E))≤ 0 χ′′t (H−1β (E))≥ 0
A direct computation shows that
χ′′t (H
−1
β
(E))=χ′′t (H0β(E))=C + (t +2)R
χ′t (H
0
β
(E))= (t+2)22 R+ (t +2)C +D− 16 R
χ′t (H
−1
β
(E))= (t+2)22 R+ (t +2)C +D− 16 R−m
and the χ′′t is the axis of symmetry of those parabolas defined by χ
′
t if R 6= 0.
The claim will follow from the results of the following three possibilities.
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FIGURE 5.
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(1) If R > 0, then f1(t ) := χ′t (H−1β (E)), and f2(t ) := χ′t (Hβ(E)) are two parabolas and
f2(t ) is a shift upwards by m from f1(t ) as shown in Figure 5.
The inequality χ′′t (H
−1
β
(E)) = χ′′t (H0β(E)) = C + (t +2)R +0 corresponds to the
region to the right of the dotted line. So the region for t satisfying the above in-
equalities is the interval [A,B ]. A direct computation shows that |AB | <
√
2m
R
≤
p
2m
(2) If R < 0, then the proof is similar to case (1).
(3) If R = 0, then C > 0. We have in this case
χ′′t (H
−1
β
(E))=χ′′t (H0β(E))=C
χ′t (H
0
β
(E))= (t +2)C +D
χ′t (H
−1
β
(E))= (t +2)C +D−m
FIGURE 6.
−4 −2 2 4
−4
−2
2
4
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m
f2
f1 t
s
The picture is shown as Figure 6. A simple computation shows |AB | = mC ≤m.
Finally when m ≥ 3, p2m <m, so for all the possible cases, we have |AB | ≤m, and the
claim follows. 
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FIGURE 7.
4.3. Boundedness of actual walls. We showed that for a fixed object E ∈Bt whose class
is v , if E is a Gieseker stable sheaf, then E is Euler stable for u >> 0, and if E is a com-
plex, then E is unstable (resp. doesn’t exist) for u >> 0 (resp. t >> 0 or t << 0). So if
we could show that the walls are bounded (on both u and t ) for the class v , then the
unbounded chamber would be the Gieseker chamber. We show some partial results on
the boundedness of walls in this subsection.
Firstly we expect the following proposition to be true:
Proposition 4.9. For the class v = (0,0,m = ch2 > 0,ch3) ∈Knum(P3), the actual walls are
all from the bounded parts of the numerical walls (Type 1∼3).
If the proposition were true, then we would have a bound of the actual walls. This is
because the bounded parts of the same type don’t intersect, so the outermost wall would
at worse consist of three pieces of type 1∼3. Using the fact 0<χ′t (A)< ch2, and the same
trick in Prop 4.8, we have that the actual wall can at most cover a regionR whose length
is ch2+2
√
2ch2. On the other hand, the center C = χm is fixed for a fixed v . So we have
that an actual wall satisfies |t − χm | ≤ ch2+2
√
2ch2.
For any vertical wall, Prop 4.3 and 4.6 show that it can’t be an actual wall for u >> 0.
We expect that it is not an actual wall anywhere, and we have some partial results for the
following claim:
Proposition 4.10. For E ∈Bt whose class is v, any vertical wall defined by 0→ A → E →
B → 0 can’t be an actual wall at u = 0
We found that if χ′t (A) (the imaginary part of Zt ,u(A)) has two roots for t , then at
the point u = 0, A will violate the generalized Bogomolov inequality which implies it’s
unstable. But we haven’t managed to rule out when χ′t (A)= 0 has no roots. In this case,
there will be a very narrow region (on t ) in which the wall has a chance to be an actual
wall (the vertical part in Figure 7).
5. THE DUALITY RESULTS
In this section, we show some duality properties of objects E ∈Db(Coh(P3)) with class
v = (0,0,ch2 > 0,ch3) in both At and Bt . This section is motivated by work in [Mai10]
for Gieseker stable sheaves and the duality results in [Mar17] for objects in Db(P2).
Definition 5.1. Define the derived dual of E ∈Db(Coh(P3)) to be E D :=RHom(E ,ωP3 )[2].
18 DAPENG MU
Definition 5.2. For a dimension vector di m = [a,b,c,d ] (a,b,c,d ∈ Z≥0), its opposite
vector is defined as di mop := [d ,c,b, a].
Proposition 5.3. For the stability condition σt = (At , Zt = χ′t + i ·χt ), assume t ∉ Z. An
object E ∈At has its dimension vector di m(E) if and only if E D [1] ∈A−t has its dimension
vector di m(E D [1])= di mop (E). Moreover, E ∈At isσt - (semi)stable if and only if E D [1] ∈
A−t is σ−t - (semi)stable.
Proof. Let n := dte. For E ∈At , it is quasi-isomorphic to a complex of vector bundles as:
E
qi so∼=
[
O
a3
P3
(−n−3)→Oa2
P3
(−n−2)→Oa1
P3
(−n−1)→Oa0
P3
(−n)
]
where ai ∈Z≥0. A direct computation from the definition shows that
E D [1]
qi so∼=
[
O
a0
P3
(n−4)→Oa1
P3
(n−3)→Oa2
P3
(n−2)→Oa3
P3
(n−1)
]
which implies that E D [1] ∈A−t with its dimension vector di m(E D [1])= [a0, a1, a2, a3]=
[a3, a2, a1, a0]op .
For the stability, a direct computation shows that
χt (E)=χ−t (E D [1]), χ′t (E)=−χ′−t (E D [1])
where the derivative in χ′−t (E
D [1]) is with respect to the parameter "−t".
A short exact sequence 0 → A → E → B → 0 in At is essentially a sequence of com-
plexes of vector spaces. Taking the dual of it, we have a dual sequence in A−t as 0 →
B D [1] → E D [1] → AD [1] → 0. Let λt := −χ
′
t
χt
be the slope function defined by the cen-
tral charge. Then the numerical results above imply that for any object A ∈At , λt (A)=
−λ−t (AD [1]).
Now we have the following equivalence: A ,→ E inAt with λt (A)< (>)λt (E) is equiv-
alent to E D [1]  AD [1] in A−t with λ−t (E D [1]) < (>)λ−t (AD [1]). So this implies that
E ∈ At is (semi)stable if and only if E D [1] ∈ A−t is (semi)stable, and this proves the
claim. 
Remark 5.4. For t ∈ R\Z, it can be easily checked that the generators OP3 (−dte− i )[i ]
(i = 0,1,2,3) are all mapped to the strict upper half plane by the central charge Zt :=
χ′t + i ·χt , i.e. χt (OP3 (−dte− i )[i ])> 0. In particular there is no stable object E ∈At with
phase 1, i.e. At ⊂Pt (0,1). So under the duality, (At , Zt ) is sent to (A−t , Z−t ) as a stability
condition withA−t ⊂P−t (0,1). The proposition (Prop 5.3) works for t ∈Z as well but we
need to modify the heart a bit. We will show it in the next remark (Remark 5.6).
Corollary 5.5. For any t ∈ R\Z, let Pt (φ) (φ ∈ R) be the slicing such that the heart At is
given by Pt (0,1]. We have E ∈Pt (φ) if and only if E D [1] ∈P−t (1−φ) forA−t .
Proof. It follows from the numerical fact in Prop 5.3 that for E ∈At , if Zt (E)= Re + Im,
then Z−t (E D [1]) =−Re + Im. So the phase φ (φ ∈ (0,1) from Remark 5.4) changes from
φ to 1−φ in the corresponding hearts. φ can be extended to all the real numbers by
shiftingAt andA−t . 
Remark 5.6. Proposition 5.3 and Corollary 5.5 actually work for t ∈ Z as well. If t ∈ Z,
then the stability condition (At , Zt ) is supposed to be sent to (A1−t , Z−t ) by the dual-
ity. The pair (A1−t , Z−t ) is not a stability condition because the stable (simple) objects
OP3 (−t − i )[i ] ∈At (i = 1,2,3) all have phase 1, and duality will send them to phase 0 in
A−t which is not in the heart.
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This can be fixed by slightly tilting the upper half plane. The heartAt (t ∈Z) is indeed
a strict subset of P(0,1], and more precisely, At =P(φ1,1] where φ1 = tan−1( 611 ). This is
because Zt sends the generatorsOP3 (−t ) to ( 116 ,1) andOP3 (−t−i )[i ] (i = 1,2,3) to (−13 ,0)
or (−16 ,0). So we just modify the heart to beP(φ,φ+1] as shown in Figure 8 (take t = 0 as
an example). The new heart under duality is the heart P−t (−φ,1−φ] and this fixes the
issue.
FIGURE 8.
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OP3 (−1)[1]
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φ+1
From Corollary 5.5, we have a duality result for the categoryBt .
Corollary 5.7. For the stability condition σBtt = (Bt , Zt = −χt + i · χ′t ), an object E ⊂
PBt (0,1)⊂Bt is (semi)stable if and only if E D ⊂PB−t (0,1)⊂B−t is (semi)stable.
Proof. Let P(0,1] = At in terms of slicing of At , then Bt = P(−12 , 12 ] by definition. The
claim then follows from the duality of the slicing in Remark 5.5. 
Corollary 5.8. For the stability condition σt ,u = (Bt , Zt ,u = −χt + u22 χ′′t + i ·χ′t ), the du-
ality holds in the same way that E ⊂ PBt (0,1) ⊂ Bt is (semi)stable if and only if E D ⊂
PB−t (0,1)⊂B−t is (semi)stable.
Proof. The reason that E D ∈ B−t is the same with Cor 5.7 or Remark 5.5. For stability,
observe that χt (E)= χt (E D ), χ′′t (E)= χ′′t (E D ), and χ′t (E)=−χ′t (E D ). Let λt ,u be the slope
λt ,u :=
χt − u22 χ′′t
χ′t
, then λt ,u(E)=−λt ,u(E D ). So the claim follows in the same way as the
proof in Prop 5.3. 
6. WALLS FOR THE CLASS 3t ±1
In this section, fix v = (0,0,3,−5) and its dual class v∨ := (0,0,3,−4). Their Hilbert
polynomials are 3t +1 and 3t −1. We give two potential walls for v in the (t ,u) plane in
section 6.1 and then prove that they are actual walls at u = 0 in section 6.2. Finally in
section 6.3, we use the duality results to study walls for the dual class v∨.
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6.1. Potential Walls in the "(t ,u)" plane. Let E ∈ Bt be a sheaf whose class is v . In
[FT04], the Gieseker moduli space M3t+1
P3
consists of two components. The general
sheaves from those component are OC and LCE , where C is the twisted cubic and LCE
is a degree 1 line bundle on the plane cubic curve CE .
For the stability conditionσt = (Bt , Zt ,u), there are two walls for those Gieseker stable
sheaves defined by sheavesOP3 andOΛ (where Λ⊂P3 is a plane), i.e.
W1 : 0→OP3 →OC →Q[1]→ 0
W2 : 0→OΛ→ LCE →F1 → 0
In the first sequence, the quotient object Q[1] has two possibilities. It can be either
the shifted ideal sheaf of a space cubic curve IC [1] or a shifted sheaf F[1] containing
torsion. The sheaf F fits into the short exact sequence 0 → OΛ(−3)→ F→ IP (−1)→ 0.
([FT04], [Xia18])
The second sequence is indeed 0→OΛ(−3)→OΛ→ LCE →CP → 0, where P is a point
on CE . The first object OΛ(−3) need to be shifted to the front because of the definition
ofBt and the position of the wall. The object F1 is then a complex extended by CP and
OΛ(−3)[1]. So F1 fits into a short exact sequence: 0 → OΛ(−3)[1] → F1 → CP → 0. The
numerical walls are shown in Figure 9 (the bounded parts).
FIGURE 9. Walls for 3t +1
6.2. Actual walls in A1. We will show that those potential walls are actual walls when
u = 0. Figure 9 shows that the right end points of those walls both land in t ∈ (0,1] which
is the category A1. The sheaves OC and LCE are both in A1 since they are 1−regular
(Prop 1.8.8 [Laz04]). We will prove that the objects OP3 , OΛ, F1, Q[1] which define W1
and W2 are stable inA1, and then the claim will follow.
6.2.1. Stability ofOP3 andOΛ. In the categoryA1,OP3 has its presentation as the Koszul
complex: [
OP3 (−4)→O4P3 (−3)→O6P3 (−2)→O4P3 (−1)
]→OP3
and its dimension vector is [1464]. The objectOΛ is a quotient ofOP3 , and the dimen-
sion vector is [1463] in A1. Its presentation is obtained by taking off one of the OP3 (−1)
from the presentation ofOP3 together with all the morphisms mapping to it.
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[
OP3 (−4)→O4P3 (−3)→O6P3 (−2)→O3P3 (−1)
]→OΛ
The stability of OP3 (it was also proved in [Mac14b]) and OΛ in A1 can be proved by
checking all their subcomplexes. In fact, we have a more general result that W1 and W2
are the only possible walls inA1 for sheaves E whose class is v .
Let E ∈A1 whose class is v . Its dimension vector is [1694]:
[
OP3 (−4)→O6P3 (−3)→O9P3 (−2)→O4P3 (−1)
] qi so∼= E
E contains a subcomplex as[
0→O6
P3
(−3)→O9
P3
(−2)→O4
P3
(−1)]
and the corresponding quotient is
E 
[
OP3 (−4)→ 0→ 0→ 0
]=OP3 (−4)[3]
Serre Duality shows that Hom(E ,OP3 (−4)[3]) ∼= Hom(OP3 ,E)∨. So there is always a
morphism OP3 → E , and walls for E should be defined by quotients of OP3 . Table 1
contains all the quotients ofOP3 and their stability. We see thatOP3 andOΛ are the only
stable quotient objects ofOP3 which can be subobjects of a sheaf E whose class is v .
quotients ofOP3 Region where it
in dimension vectors is stable
[1464]=OP3 any t ∈ (0,1]
[1463]=OΛ any t ∈ (0,1]
[1462]=(complex) stable for t ∈ (0,1/2)
[1461]=(complex) stable for t ∈ (0,0.541))
[1460]=(complex) stable for t 6= 1
[1452]=Ol (l is a line in P3) any t ∈ (0,1]
[1451]=(complex) stable for t ∈ (0,0.528)
[1450]=(complex) stable for t 6= 1
[1441]=(complex) stable for t ∈ (0,0.586)
[1440]=(complex) stable for t 6= 1
[1431]=(complex) stable for t ∈ (0,0.423)
[1430]=(complex) stable for t =6= 1
[1331]=CP any t ∈ (0,1]
[1330]=(complex) stable for t 6= 1
[1320]=(complex) stable for t 6= 1
[1310]=(complex) stable for t 6= 1
[1300]=(complex) stable for t 6= 1
[1210]=Ol [1]=(complex) stable for t 6= 1
[1200]=(complex) stable for t 6= 1
[1100]=(complex) stable for t 6= 1
TABLE 1. Quotient complexes ofOP3 inA1.
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6.2.2. Stability of Q[1]. Q[1] is the quotient in the short exact sequence:
W1 : 0→OP3 →OC →Q[1]→ 0
Its dimension vector is [0,2,3,0] inA1, so Q is presented by the complex [0→O2P3 (−3)
M→
O3
P3
(−2)→ 0], where M ∈ Hom(C2,C3)⊗C[x0, ..., x3]1. A direct computation shows that
λt (O3P3 (−2))>λt (O3P3 (−3)) for all t ∈ (0,1), in which λt =−
χ′t
χt
denotes the slope function.
So we can equivalently use King’s notation of stability of quiver representations ([Kin94]).
Let θ := (−3,2), and for any subcomplex F ,→ Q[1] in A1 whose dimension vector is
di m(F ) = [0, a,b,0], define the pairing θ([0, a,b,0]) := (−3)a + (2)b. Q[1] is stable if
θ(F ) > 0 for any subcomplex F ,→ Q[1]. The moduli space K [2,3]
θ
is a GIT quotient of
the representation of the generalized Kronecker quiver K with dimension vector [2,3]
and stability condition θ. It’s smooth of dimension 12 from [Kin94] and [Xia18].
K : • •...
α1
α4
Next we show the stratification of Kθ. Let x0, ..., x3 be the coordinates of P
3, and C • :=
[0→O2
P3
(−3) M→O3
P3
(−2)→ 0] be a stable complex. Up to a base change, there are nine
possibilities of M that make C • stable:
(1) M =
(
x0, x1, x2
x1, x2, x3
)
(2) M =
(
x1, x0,0
x0, x2, x3
)
(3) M =
(
x3, x0,0
0, x2, x1
)
(4) M =
(
x2, x1,0
0, x1, x0
)
(5) M =
(
x1, x0,0
x3, x2, x0
)
(6) M =
(
x3, x0,0
0, x1, x0
)
(7) M =
(
x1, x0,0
x2, x1, x0
)
(8) M =
(
x1, x0,0
0, x1, x0
)
(9) M =
(
x1,0, x2
0, x1, x3
)
Among those matrices, (1)∼ (8) correspond to ideal sheaves of space curves in Hilb3t+1
P3
(These were also shown in [Fre00]). The matrix in (9) defines a shifted sheaf F[1], in
which F contains torsion. F fits into the short exact sequence: 0 → OΛ(−3) → F →
IP (−1)→ 0, where Λ is the plane defined by x1 = 0, and P is the point on Λ defined by
x1 = x2 = x3 = 0. Indeed, the set of all matrices of type (9) is the flag variety F l ag := {0⊂
C⊂C3 ⊂C4} which is smooth of dimension 5.
So there are two strata on Kθ: A smooth closed subvariety of dimension 5 parame-
terizing sheaves F, and its complement in Kθ parameterizing the space curves whose
Hilbert polynomial 3t +1. This implies that there are two general representatives for Q
such that Q[1] is stable. Q can be the ideal sheaf of a space curve IC or the sheaf F.
6.2.3. Stability of the complex F1. We start by defining the complex F1 and then show
that it is the only stable complex with dimension vector [0231].
Define the complexF1 inA1.
We have that the presentation of the sheaf F is
O2
P3
(−3) M→O3
P3
(−2)∼=F
with the matrix M =
(
x1,0, x2
0, x1, x3
)
. In fact, the complex O2
P3
(−3) → O3
P3
(−2) can be ex-
tended to another complex
O2
P3
(−3) M→O3
P3
(−2) N→OP3 (−1)
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where M =
(
x1,0, x2
0, x1, x3
)
, and N =
 x2x3
−x1
. Define F1 to be this new complex
F1 :=
[
O2
P3
(−3) M→O3
P3
(−2) N→OP3 (−1)
]
CompareF1 with the presentation (Koszul complex) of the skyscraper sheafCP inA1:
(P is defined by x1 = x2 = x3 = 0 on P3)
OP3 (−4)
(
x1,−x2, x3
)
−−−−−−−−−−→O3
P3
(−3)

x2,0,−x3
x1,−x3,0
0,−x2, x1

−−−−−−−−−−→O3
P3
(−2)

x3
x1
x2

−−−−→OP3 (−1)→CP
We see that F1 is indeed a subcomplex of CP . The quotient has dimension vector
[1,1,0,0], which is [OP3 (−4) x1→ OP3 (−3) → 0 → 0] = OΛ(−3)[2]. So we have the short
exact sequence 0→ F1 → CP →OΛ(−3)[2]→ 0 in A1, and F1 is a complex whose coho-
mologies are: H−1(F1)=OΛ(−3),H0(F1)=CP andHi (F1)= 0 for i 6= −1,0.
Prove thatF1 is the only stable object with the dimension vector [0231].
Assume that G is a complex whose dimension vector is [0231] inA1, and C • ,→G is a
subcomplex whose dimension vector is [0,c,b, a]. The following result is from a direct
computation:
(1) If a = 0, then λt (C •)>λt (G) for any b = 0,1,2,3, c = 0,1,2 and t > 0.1716.
(2) If a = 1, then λt (C •)<λt (G) for any b = 0,1,2,3, c = 0,1,2 and t > 0.1716.
This result shows that for t ∈ (0.1716,1] inA1, G is stable if and only if it doesn’t have
any subcomplex C • whose dimension vector is [0,c,b,0].
More explicitly, if [0→O2
P3
(−3) M→O3
P3
(−2) N→OP3 (−1)] is the presentation of G in A1,
where N = ( f1, f2, f3) consists of linear functions fi (i = 1,2,3), then f1, f2, f3 must be
linearly independent. (Otherwise we make some fi = 0 by a base change, and then [0→
0→OP3 (−2)→ 0] will be a destabilizing subcomplex of G .)
Next, we show that the matrix M has to be in the form:
(
f3,0,− f1
0, f3,− f2
)
, and this will prove
that F1 is the only stable complex with dimension [0231].
There are two OP3 (−3) mapping to O3P3 (−2), and the morphisms are rows in M . As-
sume the first row of M is (φ1,φ2,φ3) (φi ’s are linear functions), and we have the dia-
gram:
OP3 (−2)
OP3 (−3) OP3 (−2) OP3 (−1)
OP3 (−2)
f1φ1
φ2
φ3
f2
f3
Firstly we show that φi ’s are linearly dependent. Let 〈 f1, f2〉 be the sub vector space
of C[x0, x1, x2, x3]1 spanned by f1, f2. Since G is a complex, we must have φ1 f1+φ2 f2+
φ3 f3 = 0. Consider the equation mod 〈 f1, f2〉, we have φ¯3 f¯3 = 0 in the quotient space
C[x0, x1, x2, x3]1/〈 f1, f2〉. fi ’s are linearly independent, so f¯3 6= 0. This implies φ¯3 = 0 and
φ3 = k1 f1+k2 f2 for some k1,k2 ∈ C. The equation now becomes φ1 f1+φ2 f2+ (k1 f1+
k2 f2) f3 = 0 and it simplifies to (φ1+k1 f3) f1+ (φ2+k2 f3) f2 = 0, which implies f2|(φ1+
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k1 f3) f1 and f1|(φ2+k2 f3) f2. Again, since fi ’s are linearly independent, we have f2|φ1+
k1 f3 and f1|φ2+k2 f3. φi ’s and fi ’s are all linear functions, so there is some k ∈ C such
that φ2 + k2 f3 = k f1 and φ1 + k1 f3 = −k f2. Now φ1 = −k1 f3 − k f2, φ2 = −k2 f3 + k f1,
φ3 = k1 f1+k2 f2, and they satisfy k2φ1−k1φ2+kφ3 = 0. So φi ’s are linearly dependent.
Therefore up to a base change, we may assume φ3 = 0, φ1 = f2 and φ2 = − f1. The
presentation of G becomes:
OP3 (−3) OP3 (−2)
OP3 (−3) OP3 (−2) OP3 (−1)
OP3 (−2)
f2
φ1
f1
− f1φ2
φ3
f2
f3
In the diagram, φ3 6= 0. Otherwise, (φ1,φ2)= c( f2,− f1) for some c ∈ C. The map from
the second OP3 (−3) in the diagram to O3P3 (−2) will be 0 by a base change. This implies
[0→OP3 (−3)→ 0→ 0] is a subcomplex of G , and G is unstable.
If none of those φi ’s is zero, then we use φ2 and φ3 to eliminate φ1, and the diagram
becomes:
OP3 (−3) OP3 (−2)
OP3 (−3) OP3 (−2) OP3 (−1)
OP3 (−2)
f2
− f1 f1
− f3
f2
f2
f3
This diagram exactly the presentation of F1, and we prove the claim.
Finally, we turn to the walls for the dual class v∨.
6.3. Walls for the class 3t −1. We consider the class 3t +2 instead.
The two general Gieseker stable sheaves are: (1) E =OC (P ), where C is a space cubic
curve and P is a point on C . (2) E = LCE , which is a degree 2 line bundle on a plane cubic
curve CE .
Their walls are given by the short exact sequences W ′1 and W
′
2 below. They are in fact
defined by the "derived dual" of W1 and W2 for the class 3t +1.
W ′1 : 0→
[
O3
P3
(−1)→O2
P3
]→ E →OP3 (−3)[2]→ 0
where the subobject of E is the complex in the brackets.
W ′2 : 0→ IP/Λ(1)→ E →OΛ(−2)[1]→ 0
where P is a point in the plane Λ.
The duality results show that W ′1 and W
′
2 are the mirror images of W1 and W2 in the
(t ,u) plane. We have shown that W1 and W2 are actual walls at their right end points, so
W ′1 and W
′
2 must be actual walls at their left end points.
Suppose Proposition 4.9 were proved true, then W1 and W ′1 would be actual walls
everywhere in the (t ,u) plane since there is no possible intersecting of these walls.
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For W ′2, we show that it’s an actual wall at its right end point (it lands in A1). Then
Proposition 4.9 and W ′2 being an actual wall at its end points will imply it’s an actual wall
everywhere.
We check the stability of the objectsOΛ(−2)[1] and IP/Λ(1) inA1.
The dimension vector of OΛ(−3)[1] is [0,1,1,0], and [0,0,1,0] is the only non-trivial
subcomplex. It is straightforward to check thatOΛ(−3)[1] is stable inA1 for t ∈ (0,1).
The dimension vector of IP/Λ(1) is [2,8,11,5]. Assume that the coordinates of P3 are
x, y, z, w , Λ is defined by {x = 0} and P is defined by {x = y = z = 0}. The presentation of
IP/Λ(1) is:
O2
P3
(−4) M−→O8
P3
(−3) N−→O11
P3
(−2) S−→O5
P3
(−1) T−→ IP/Λ(1)
where the matrices are given as follows:
T =

y2
y z
z2
y w
zw
 S =

x 0 0 0 0
0 x 0 0 0
−z y 0 0 0
0 0 x 0 0
0 −z y 0 0
0 0 0 x 0
−w 0 0 y 0
0 0 0 0 x
0 −w 0 z 0
0 0 0 −z y
0 0 −w 0 z

M =
(−w 0 z −y 0 x 0 0
0 −w 0 z z 0 −y x
)
N =

z −y x 0 0 0 0 0 0 0 0
0 z 0 −y x 0 0 0 0 0 0
w 0 0 0 0 −y x 0 0 0 0
0 w 0 0 0 −z 0 0 x 0 0
0 0 0 0 0 z 0 −y 0 x 0
0 0 w 0 0 0 −z 0 y 0 0
0 0 0 w 0 0 0 −z 0 0 x
0 0 0 0 w 0 0 0 −z −z y

All of its subcomplexes are given as follows:
[0,6,10,5] [0,7,11,5] [0,8,11,5] [1,5,8,4] [1,5,8,5] [1,6,10,5] [1,6,11,5] [1,7,11,5] [1,8,11,5]
[0,4,8,4] [0,4,8,5] [0,5,8,4] and subcomplexes in the table:
dimension vector n and m dimension vector n and m
[0,0,0,n] n = 1, ...,5 [0,1,n,5] n = 9,10,11
[0,0,2,n] n = 2,3,4,5 [0,2,n,m] n = 6,7,8 m = 4,5
[0,0,3,n] n = 2,3,4,5 [0,2,n,5] n = 9,10,11
[0,0,4,n] n = 3,4,5 [0,3,n,m] n = 7,8, m = 4,5
[0,0,5,n] n = 3,4,5 [0,3,n,5] n = 9,10,11
[0,0,n,m] n = 6,7,8, m = 4,5 [0,4,n,5] n = 9,10,11
[0,0,n,5] n = 9,10,11 [0,5,n,5] n = 8,9,10,11
[0,1,3,n] n = 2, ...,5 [1,4,n,m] n = 6,7,8, m = 4,5
[0,1,4,n] n = 3,4,5 [1,5,n,5] n = 9,10,11
[0,1,5,n] n = 3,4,5 [0,2,5,n] n = 3,4,5
[0,1,n,m] n = 6,7,8, m = 4,5
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I direct computation shows that IP/Λ(1) is stable inA1 (t ∈ (0,1]) since no subcomplex
from the above chart can destabilize.
7. THE WALL-CROSSINGS OF THE CLASS 3t +1.
In this section, we study the wall-crossings for the class v = (0,0,3,−5). The last mod-
uli space turns out to be the Gieseker moduli space which indicates that the last wall in
A1 is indeed the last wall in all At and the unbounded chamber is the Gieseker cham-
ber. The main technique to study the wall-crossings is the elementary modification. A
similar process can be found in [Xia18] and [AB13].
In section 6, we found two actual walls inA1 for a sheaf E whose class is v = (0,0,3,−5).
They are W1 : 0 → OP3 → E →Q[1] → 0 at t = 0.35, and W2 : 0 → OΛ → E → F1 → 0 at
t = 0.72. Denote the three chambers in A1 by C1 := {t ∈ (0,0.35)}, C2 := {t ∈ (0.35,0.72)}
and C3 := {t ∈ (0.72,1]}.
7.1. Moduli spaceM1 in C1. The moduli space in t ∈ (0,0.35) is empty since every object
E is destabilized byOP3 → E . The existence of such a map is given by Serre Duality from
the above discussion.
7.2. Moduli space MW1 at the first wall W1. The wall W1 is defined by 0→OP3 → E →
Q[1]→ 0. The moduli space at W1 of E is the same with the moduli of Q[1] which is the
Kronecker moduli space K(2,3) :=K [2,3]θ (θ = (−3,2) defines the stability condition). It is a
smooth variety of dimension 12.
7.3. Moduli space M2 in C2. For t ∈ (0.35,0.72), there are stable objects. The quotient
Q[1] has two general representatives which are stable: (1) Q = IC or (2) Q = F. A direct
computation shows that E xt 1(IC [1],OP3 ) = C and E xt 1(F[1],OP3 ) = C4. This implies
that M2 is over MW1 with a P
3 bundle along the locus H (the Flag variety in section
6.2.2) which parametrizes the sheaf F. Denote this P3 bundle byMF.
7.4. Moduli space MW2 at the second wall. The second wall is defined by 0 → OΛ →
E →F1 → 0.
There are two strata on the moduli spaceM2, and they are K(2,3)\H and MF. K(2,3)\H
parameterizes the structure sheaf of space cubic curves C , and MF parameterizes those
objects E which fit into the short exact sequence 0→OP3 → E →F[1]→ 0. These objects
E in fact satisfy another sequence as 0 → F1 → E → OΛ′ → 0, where F1 is the complex
defined in the last section. The complex F1 corresponds to a point (P,Λ) in the Flag
variety H . Λ′ ⊂ P3 is a plane but not necessarily the same with the plane Λ encoded in
F1. A direct computation shows that{
E xt 1(F1,OΛ)=C9, E xt 1(OΛ,F1)=C
E xt 1(F1,OΛ′)= 0, E xt 1(OΛ′ ,F1)=C if Λ′ 6=Λ
This implies that at the second wall W2, MW2 =M2, and objects from the stratum
K(2,3)\H stay stable while objects fromMF become semi-stable.
7.5. Moduli spaceM3 in C3. The above computation shows that the new stable objects
in C3 are from the extension: 0→OΛ→ E →F1 → 0, in which the plane Λ inOΛ must be
the same with the plane encoded in the complexF1. From the results: E xt 1(F1,OΛ)=C9
and E xt 1(F1,OΛ′)= 0 forΛ′ 6=Λ, when crossing the second wall W2, those objects E from
the short exact sequence 0 → OΛ′ → E → F1 → 0 will no longer exist and objects from
0→OΛ→ E →F1 → 0 will survive.
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So when crossing the second wall W2, the stratum K(2,3)\H stays, and the P3 bundle
MF disappears with only the base H remaining. H then becomes a P
8 bundle over H .
Denote this bundle by P. We will start by studying this P8 bundle P, and then glue it to
K(2,3)\H using the elementary modification. The resultant moduli space MC3 turns out
to be the Gieseker moduli spaceM3t+1
P3
.
7.5.1. A description of P. We show in this subsection that P is the fibered space over P3∨
whose fibers areM3t+1
P2
.
We have shown that a complex F1 corresponds to a point in the flag variety: {P ∈Λ⊂
P3}. Indeed, this flag variety is the same with H sinceF1 is the unique extension fromF.
Without loss of generality, we fix a complex F1 in which Λ is defined by x1 = 0, and the
point P is defined by x1 = x2 = x3 = 0. We will show that the vector space E xt 1(F1,OΛ)
(up to a scalar multiplication) parameterizes plane cubic curves in Λ which go through
P .
Let Λ′ be an arbitrary plane in P3, and we have the extension groups:
E xt 1(F1,OΛ′)=
{
0, ifΛ′ 6=Λ
C9, ifΛ′ =Λ
In the short exact sequence: 0→ F1 → CP →OΛ(−3)[2]→ 0, the plane Λ encoded in
F1 is in fact the same with the plane in the quotient objectOΛ(−3)[2].
Apply the functor Hom(−,OΛ) to the sequence: 0 → F1 → CP → OΛ(−3)[2] → 0, we
have a long exact sequence of cohomologies:
0→ E xt 1(F1,OΛ)=C9 → E xt 2(OΛ(−3)[2],OΛ)=C10 φ→ E xt 2(CP ,OΛ)=C→ ...
in which E xt 1(F1,OΛ) is the kernal of φ.
In the diagram, E xt 2(OΛ(−3)[2],OΛ)= Hom(OΛ(−3),OΛ), and this can be computed
by the resolution ofOΛ(−3): [OP3 (−4) x1→OP3 (−3)]→OΛ(−3). Apply the functor Hom(−,OΛ)
to this resolution, we have
0→Hom(OΛ(−3),OΛ)→Hom(OP3 (−3),OΛ)=C10 x1−−→=0 Hom(OP3 (−4),OΛ)=C
15
, and this implies Hom(OΛ(−3),OΛ)=C10.
Apply the functor Hom(−,OΛ) to the Koszul resolution of CP , the cohomology at
"OP3 (−3)" gives E xt 2(CP ,OΛ) = C. By definition, E xt 2(CP ,OΛ) = K er (α)/Im(β) in the
complex:
Hom(OP3 (−4),OΛ) α←−Hom(O3P3 (−3),OΛ)
β←−Hom(O3
P3
(−2),OΛ)
Back to the exact sequence
0→ E xt 1(F1,OΛ)=C9 → E xt 2(OΛ(−3)[2],OΛ)=C10 φ→C= E xt 2(CP ,OΛ)= K er (α)
Im(β)
→ 0
we have that K er (φ)= Im(β).
Im(β) is indeed the set {x2Q2+x3Q3}, where Q2,Q3 ∈Hom(OP3 (−2),OΛ)=H 0(Λ,OΛ(2))
are two quadric curves in Λ. This is because x1 = 0 on Λ, and the non-zero objects in
Im(β) are computed by applying Hom(−,OΛ) to the diagram in Figure 10 (this is part of
the Koszul resolution of CP ). The set Im(β)=
{
x2Q2+x3Q3|Q2,Q3 ∈H 0(Λ,OΛ(2))
}
con-
sists of sections in H 0(Λ,OΛ(3)) which vanish at the intersection of the loci of x2 and x3.
This is exactly the set of all cubic curve in Λ that go through P .
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OP3 (−3) OP3 (−2)
OP3 (−4) OP3 (−3) OP3 (−2)
OP3 (−3) OP3 (−2)
x2
x3x1
−x2
−x3
FIGURE 10.
So we have the following morphism:
P→H = {P ∈Λ⊂P3}
and the fiber at a point (P,Λ) ∈ H parameterizes all the plane cubic curves in Λ that go
through P .
Moreover, consider the morphisms
P→H = {P ∈Λ⊂P3}→ {Λ⊂P3}=P3∨
A point in P3∨ corresponds to a plane Λ⊂P3, and the fiber over it in P parameterizes
the pair {C ,P }, where C ⊂ Λ is a plane cubic curve passing through the point P ∈ Λ.
So this fiber is the universal cubic curve C ⊂ |H 0(P2,OP2 (3))|×P2 which is the Gieseker
moduli spaceM3t+1
P2
([LP93]).
This proves the claim that P is fibered over P3∨ with the fibersM3t+1
P2
. It also matches
the result in [FT04] that P is a component of the Gieseker moduli spaceM3t+1
P3
parame-
terizing line bundles on plane curves.
7.5.2. The elementary modification. We have shown that when crossing the second wall
W2, the componentMF disappears, and its base H is replaced by P. It’s known ([FT04])
that K(2,3)\H and P are the components of the Gieseker moduli space M3t+1P3 . So it
is expected that P is glued to K(2,3) along the exceptional divisor of its blow-up B :=
BlH (K(2,3)) ).
There are some computations needed for this subsection, and we put all of them into
the next lemma.
Lemma 7.1. Diagrams in (1)∼ (5) are commutative.
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(1) For 0→OP3 → E → IC [1]→ 0
0
Hom(OP3 ,OP3 )
=C
Hom(OP3 ,E)
=C
Hom(OP3 ,IC [1])
= 0
E xt 1(OP3 ,OP3 )
= 0
Hom(IC [1],IC [1])
=C
E xt 1(IC [1],OP3 )
=C
E xt 1(IC [1],E)
=C12
E xt 1(IC [1],IC [1])
=C12
E xt 2(IC [1],OP3 )
=C11
Hom(E ,IC [1])
=C
E xt 1(E ,OP3 )
= 0
E xt 1(E ,E)
=C12
E xt 1(E ,IC [1])
=C12
E xt 2(E ,OP3 )
=C
Hom(OP3 ,IC [1])
= 0
E xt 1(OP3 ,OP3 )
= 0
E xt 1(OP3 ,E)
= 0
E xt 1(OP3 ,IC [1])
= 0
E xt 2(OP3 ,OP3 )
= 0
E xt 1(IC [1],IC [1])
=C12
E xt 2(IC [1],OP3 )
=C11
E xt 2(IC [1],E)
=C11
E xt 2(IC [1],IC [1])
= 0
E xt 3(IC [1],OP3 )
= 0
∼=
∼= =0
=0
=0
(2) For 0→OP3 → E →F[1]→ 0
0
Hom(OP3 ,OP3 )
=C
Hom(OP3 ,E)
=C
Hom(OP3 ,F[1])
= 0
E xt 1(OP3 ,OP3 )
= 0
Hom(F[1],F[1])
=C
E xt 1(F[1],OP3 )
=C4
E xt 1(F[1],E) E xt 1(F[1],F[1])
=C12
E xt 2(F[1],OP3 )
=C14
Hom(E ,F[1])
=C
E xt 1(E ,OP3 )
C3
E xt 1(E ,E) E xt 1(E ,F[1])
=C12
E xt 2(E ,OP3 )
=C14
Hom(OP3 ,F[1])
= 0
E xt 1(OP3 ,OP3 )
= 0
E xt 1(OP3 ,E)
= 0
E xt 1(OP3 ,F[1])
= 0
E xt 2(OP3 ,OP3 )
= 0
E xt 1(F[1],F[1])
=C12
E xt 2(F[1],OP3 )
=C14
E xt 2(F[1],E) E xt 2(F[1],F[1])
= 0
E xt 3(F[1],OP3 )
= 0
∼= =0
=0
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(3) For 0→F1 → E →OΛ→ 0
0
Hom(F1,F1)
=C
Hom(F1,E)
=C
Hom(F1,OΛ)
= 0
E xt 1(F1,F1)
=C5
Hom(OΛ,OΛ)
=C
E xt 1(OΛ,F1)
=C
E xt 1(OΛ,E)
=C3
E xt 1(OΛ,OΛ)
=C3
E xt 2(OΛ,F1)
= 0
Hom(E ,OΛ)
=C
E xt 1(E ,F1)
=C5
E xt 1(E ,E)
=C15
E xt 1(E ,OΛ)
=C12
E xt 2(E ,F1)
=C2
Hom(F1,OΛ)
= 0
E xt 1(F1,F1)
=C5
E xt 1(F1,E)
=C12
E xt 1(F1,OΛ)
=C9
E xt 2(F1,F1)
=C2
E xt 1(OΛ,OΛ)
=C3
E xt 2(OΛ,F1)
= 0
E xt 2(OΛ,E)
= 0
E xt 2(OΛ,OΛ)
= 0
E xt 3(OΛ,F1)
= 0
=0
(4) For 0→F1 → E →OΛ′ → 0
0
Hom(F1,F1)
=C
Hom(F1,E)
=C
Hom(F1,OΛ′)
= 0
E xt 1(F1,F1)
=C5
Hom(OΛ′ ,OΛ′)
=C
E xt 1(OΛ′ ,F1)
=C
E xt 1(OΛ′ ,E)
=C3
E xt 1(OΛ′ ,OΛ′)
=C3
E xt 2(OΛ′ ,F1)
= 0
Hom(E ,OΛ′)
=C
E xt 1(E ,F1)
=C5
E xt 1(E ,E)
=C8
E xt 1(E ,OΛ′)
=C3
E xt 2(E ,F1)
= 0
Hom(F1,OΛ′)
= 0
E xt 1(F1,F1)
=C5
E xt 1(F1,E)
=C5
E xt 1(F1,OΛ′)
= 0
E xt 2(F1,F1)
= 0
E xt 1(OΛ′ ,OΛ′)
=C3
E xt 2(OΛ′ ,F1)
= 0
E xt 2(OΛ′ ,E)
= 0
E xt 2(OΛ′ ,OΛ′)
= 0
E xt 3(OΛ′ ,F1)
= 0
=0
=0
(5) For 0→OΛ→ E → F1 → 0. In the diagram, "singular" and "smooth" means the support
of E is singular or smooth.
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0
Hom(OΛ,OΛ)
=C
Hom(OΛ,E)
=C
Hom(OΛ,F1)
= 0
E xt 1(OΛ,OΛ)
=C3
Hom(F1,F1)
=C
E xt 1(F1,OΛ)
=C9
E xt 1(F1,E)
=C3
E xt 1(F1,F1)
=C5
E xt 2(F1,OΛ)
=C14
Hom(E ,F1)
=C
E xt 1(E ,OΛ)
=C8
E xt 1(E ,E)
=C13smooth
=C14si ng ul ar
E xt 1(E ,F1)
=C5smooth
=C6si ng ul ar
E xt 2(F1,OΛ)
=C11
Hom(OΛ,F1)
= 0
E xt 1(OΛ,OΛ)
=C3
E xt 1(OΛ,E)
=C4
E xt 1(OΛ,F1)
=C
E xt 2(OΛ,OΛ)
= 0
E xt 1(F1,F1)
=C5
E xt 2(F1,OΛ)
=C14
E xt 2(F1,E)
= 0
E xt 2(F1,F1)
=C2
E xt 3(F1,OΛ)
= 0
=0
(6) For any plane Λ′ ⊂P3
Hom(OΛ′ ,F1)= E xt 2(OΛ′ ,F1)= E xt 3(OΛ′ ,F1)= 0, E xt 1(OΛ′ ,F1)=C1
(7) Hom(F1,OΛ)= E xt 3(F1,OΛ))= 0, E xt 1(F1,OΛ))=C9, E xt 2(F1,OΛ))=C14
Some notations:
• B :=BlH (K(2,3)) b−→K(2,3) where the morphism to the base is denoted by b. D denotes
the exceptional divisor, and the restriction of b to the exceptional divisor is denoted by
bH : D
bH−−→H .
• piH , piP and piD denote the projections: H ×P3 piH−−→H , P×P3 piP−→P, D×P3 piD−−→D .
• p, q are the projections: H p−→P3∨, (where (P ∈Λ) 7→Λ), P q−→H .
• i : D×P3 i−→B×P3. j : D×P3 j−→P×P3
• Two universal families: (1) UF1 on H ×P3 as the universal family of complexes F1.
(2) UOΛ on P
3∨×P3 as the universal family of planes in P3.
Proposition 7.2. There exists a universal family of extensions on H of the form
0→UF1 ⊗pi∗H L →UE → p∗(UOΛ)→ 0
where L :=Ext 1piH (p∗(UOΛ),UF1 )∗ is a line bundle on H.
Proof. Let L be the line bundle L := Ext 1piH (p∗(UOΛ),UF1 )∗ on H . From the part (6) in
Lemma 7.1 and our assumption, we have that
RHom(p∗(UOΛ),UF1⊗L)[1]=RHom((p∗(UOΛ)[−1],UF1⊗L) is supposed to be a sheaf.
There is then a canonical identity element:
i d ∈H 0(H ×P3,RHom(p∗UOΛ[−1],UF1 ⊗piH∗L))
=H 0(H ×P3, p∗U∗
OΛ
⊗L⊗UF1 [1])
=H 0(H ,piH∗(p∗U∗OΛ)⊗piH∗(p
∗U∗
OΛ
⊗UF1 [1])∗⊗piH∗UF1 [1])
which gives the morphism fi d :
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→ p∗(UOΛ)[−1]
fi d−−→UF1 ⊗pi∗H L →UE →
The cone UE from the triangle is the universal extension we want. 
There is another universal extension on P which follows from the similar construc-
tion.
Proposition 7.3. There exists a universal family of extensions on P of the form
0→ q∗(p∗UOΛ)⊗pi∗POP(1)→UF → q∗UF1 → 0
Next we show that D is embedded into P.
The locus H parameterizes objects E which fit into the short exact sequence: 0 →
F1 → E → OΛ→ 0. The results in diagram (3) from Lemma 7.1 gives the following dia-
gram:
C3
0 TE |H =C5 TE |M2 =C15 NH |M2 =C10 0
0 K er (φ)=C8 E xt 1(E ,E)=C15 E xt 1(F1,OΛ)=C9
C3
∼=
φ
in which TE |H means the tangent bundle at the point E in H , and NH |M1 means the
normal bundle of H inM1 (at E).
The global version of the diagram is the following:
0 TH |K(2,3) TM2 NH |M2 0
0 Ker Ext 1piH (UE ,UE ) P=Ext 1piH (UF1 ⊗pi∗H L,UOΛ)
K S
This implies that NH |K(2,3) =C7 ,→ E xt 1(F1,OΛ)=C9 for all points E ∈H . Correspond-
ingly, we have the embedding D =P(N∗H |K(2,3) ) ,→P :=P(Ext 1piH (UF1 ⊗pi∗H L,UOΛ)∗).
The following result shows that the dimension of the the moduli space M3 along the
exceptional divisor D is one more than the dimension of P\D . This indicates the ex-
pected gluing at least set theoretically. The proof is almost the same with Proposition
4.10 in [Xia18] using the results in diagram (5) from Lemma 7.1.
Proposition 7.4. If F ∈ P(N∗), then the morphism E xt 1(F,F )→ E xt 1(OΛ,F1) = C (from
diagram (5) in Lemma 7.1) is non zero. If F ∈ P\P(N∗), then the morphism E xt 1(F,F )→
E xt 1(OΛ,F1)=C is zero.
Finally in this section, we show the gluing of B and P using the Elementary modifica-
tion.
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(1) Construct a universal familyK on the blow up.
There are three distinguished triangles (a),(b),(c) involved (the third one is
from the composition of the first two). The octahedral axiom would give the
fourth triangle.
M2 is a indeed a quiver moduli of the dimension vector [1694]. Proposition
5.3 in [Kin94] implies that it is a fine moduli when t ∈ Q. So M2 and M3 are
both fine moduli spaces. Denote the universal family of representation on M2
by U2. When restricting U2 to H , there is be a line bundle L1 on H such that UE ∼=
(U2|H)⊗pi∗H (L1). To reduce the complexity of notations, we abuse the notation a
bit by assuming that L1 is trivial.
(a) This is from pulling back the extension in Prop 7.2 from H to D and then
pushforward to the blow-up B.
→ i∗b∗H (UF1 ⊗pi∗H L)→ i∗b∗H (UE )
u−→ i∗b∗H (p∗(UOΛ))→
(b)
→ b∗(U2(−D×P3))→ b∗(U2) r−→ i∗(b∗U2)D×P3 →
(c) DefineK from the following distinguished triangle: (K is the desired family
on B for the gluing .)
→K→ b∗U2 u◦r−−→ i∗b∗H (p∗(UOΛ))→
(d) Apply the octahedral axiom, we have the following triangle:
→ b∗(U2(−D×P3))→K→ i∗b∗H (UF1 ⊗pi∗H L)→
K is flat because it’s a complex of vector bundles.
(2) Glue B to the component P using the familiy K. We will apply the octahedral
axiom again to triangles (a’)∼ (c’) below.
(a’)
→K(−D×P3)→K r−→ i∗Li∗(K)→
(b’) Define a familyK′ from the following triangle:
→K′→ Li∗(K)→ b∗H (UF1 ⊗pi∗H L)→
Then push it forward to B by i∗:
→ i∗K′→ i∗Li∗(K) v−→ i∗b∗H (UF1 ⊗pi∗H L)→
(c’)
b∗U2(−D×P3)→K v◦r−−→ i∗b∗H (UF1 ⊗pi∗H L)
(d’) Apply the octahedral axiom, and we have the triangle:
→K(−D×P3)→ b∗U2(−D×P3)→ i∗K′→
As desired, we have the following isomorphism, and this completes the proof
that B is glued to P along the exceptional divisor algebraically.
K′ ∼= b∗H p∗(UOΛ)⊗OD×P3 (−D×P3)∼= b∗H p∗(UOΛ)⊗pi∗DOP(N∗H |K(2,3) )(1)∼= b∗H p∗(UOΛ)⊗pi∗POP(1)
34 DAPENG MU
8. AN EXAMPLE OF AN ACTUAL WALL BUILT UP FROM PIECES.
The two walls for the class 3t +1 inBt are not intersecting, and they are supposed to
be actual walls everywhere. However, it is not always the case on a threefold ([Sch16]
[JM19]), and we give a counter-example in this section.
Let C ∈ P3 be the rational quartic curve. The wall for OC is expected to contain two
pieces which are the outermost parts of these two walls:
0→OP3 →OC → IC [1]→ 0
(W1+W4 in Figure 11)
0→OQ →OC → IC /Q [1]→ 0
(W2+W3 in Figure 11) where Q is a quadric surface Q ⊂P3 containing C .
FIGURE 11.
The following property implies that the actual wall ofOC breaks.
Proposition 8.1. The potential wall defined by 0→OQ →OC → IC /Q [1]→ 0 is an actual
wall along W2 and a pseudo wall along W3.
Proof. The proposition follows from the following bullets:
•W2 is an actual wall at (0.5,0).
It is sufficient to show the stability ofOQ and IC /Q [1] at (0.5,0).
We prove the stability of these objects inA1.
(a) The stability ofOQ .
Its dimension vector is [1,4,7,4] inA1. We have the inclusion 0→OP3 →OQ in
Bt for t ∈ (−0.5774,0.5774), and the inclusion exists in A1. The presentation of
OP3 is the Koszul complex (dimension vector [1,4,6,4]) contained inOQ (dimen-
sion vector [1,4,7,4]). The extraOP3 (−2) in [1,4,7,4] maps to two of theOP3 (−1)’s
and the section defines the quadric Q.
From the stability of OP3 in A1, we only need to check the slopes of sub com-
plexes ofOQ which are not sub complexes ofOP3 . They are given as follows:
[0143], [0154], [0164], [0174], [0264], [0274], [0374].
A direct computation shows that none of these can destabilize around (0.5,0),
and the most destabilizing object is OP3 . This shows that OQ is stable in A1 for
t ∈ (0.414,1].
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(b) The stability of IC /Q [1].
Its dimension vector in A1 is [0,3,4,1]. A direct computation shows that the
destabilizing sub objects have dimension vectors [0, a,b,0], where a = 0, ...,3 and
b = 0, ...,4. In other words, if we prove that all the sub complexes must have a "1"
in the first position from the right, i.e. [0, a,b,1], then IC /Q [1] would be stable.
It is then sufficient to show that there is no sub complex with dimension vector
[0,0,1,0]. If [0,0,1,0]=OP3 (−2)[1] is a sub complex, then there will be a non-zero
morphismOP3 (−2)[1]→ IC /Q [1]. On the other hand, Hom(OP3 (−2)[1],IC /Q [1])=
Hom(OP3 (−2),IC /Q ) = H 0(P3,IC /Q (2)) = 0 which is a contradiction. This proves
that IC /Q [1] is stable inA1.
•W2 is an actual wall everywhere.
Firstly,OQ is semi-stable at S and stable to the right of S along W2. The is because the
wall forOQ is 0→OP3 →OQ →OP3 (−2)[1]→ 0, andOQ is stable on the right.
So if W2 is not an actual wall at some point, then is will be caused by IC /Q [1] being un-
stable. W2 will then break somewhere and then another wall W ′ comes in. The new wall
W ′ will land in A1 as well. But there is no quotient object of IC /Q [1] = [0,3,4,1] whose
numerical wall can intersect W2. So this implies that W2 is actual wall everywhere.
•W3 can’t be an actual wall.
It can be checked immediately that OQ is not in the category A−1, which means W3
can’t be an actual wall at the left end point (−1,0). Moreover, OQ is unstable along W3
since it is destabilized byOP3 .

Remark 8.2. We expect that the actual wall to the left of S is W1 defined by 0→OP3 →
OC → IC [1] → 0, but we still need the stability of objects or some arguments on inter-
secting of walls.
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